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Abstract
We study interacting massive spin-1 theories in de Sitter (dS) and anti-de Sitter (AdS) space
that possess shift symmetries parametrized by (A)dS Killing vectors. We show how they emerge
from the massless limit of massive spin-2 theories on (A)dS space. In the case of massive gravity,
the corresponding spin-1 theory realizes a symmetry breaking pattern that takes two copies of
the (A)dS isometry group down to a diagonal subgroup. By taking the flat space limit of this
theory, we find a new symmetry of the decoupling limit of massive gravity in flat space. This
symmetry acts on the vector modes, is parametrized by an antisymmetric tensor, and fixes the
nonlinear structure of the scalar-vector sector of the decoupling limit.
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1 Introduction and summary
Shift symmetries for scalar fields provide a powerful organizing structure for a variety of effective
field theories. In theories with spontaneously broken internal symmetries, there is a massless
scalar Nambu–Goldstone boson for each broken generator of the symmetry group. The broken
symmetries act to leading order in fields as shift symmetries, which protects the masslessness of
Goldstone bosons. From the S-matrix point of view, shift symmetries imply that amplitudes vanish
as the momentum of an external Goldstone line goes to zero, known as an Adler zero [1, 2]. Higher-
order shift symmetries, where the scalars shift by powers of the spacetime coordinates, are present
in galileon theories and their generalizations [3–6]. These can be thought of as Goldstone bosons
from the spontaneous breaking of particular spacetime symmetries [7–11]. These lead to further
enhanced soft limits of scattering amplitudes, where the amplitudes go to zero with higher powers of
the external momenta [12]. In exceptional cases these can be used to bootstrap the theories [13, 14].
A natural question is whether shift symmetries and enhanced soft limits can be present for
fields with non-zero spin. Independent of whether these fields have an interpretation as Goldstone
bosons of some symmetry breaking, we can ask if effective field theories describing spinning particles
invariant under shift-like symmetries exist and whether they possess, or are determined by, enhanced
soft limits that generalize the Adler zeros.
Effective field theories for a massless vector field in flat space do not exhibit enhanced single
soft limits [15]. Similar results were obtained by studying the algebras that such shift symmetries
would imply [16–20]. However, in de Sitter (dS) and anti-de Sitter (AdS) space there is a richer
variety of possible single-field theories with shift symmetries [21]. Unlike flat space, where only
massless fields have coordinate-dependent shift symmetries, massive fields in (A)dS space acquire
such symmetries at certain fixed values of their mass relative to the (A)dS scale. In particular, in
(A)dS4 the free massive spin-1 vector field Aµ acquires shift symmetries at the discrete mass values
m2 =
(k + 2)(k + 3)
L2
= −H2(k + 2)(k + 3) , k = 0, 1, 2, . . . , (1.1)
where L is the AdS radius and H is the Hubble scale in the dS case. For k = 0, the corresponding
symmetry acts to shift the field by an (A)dS Killing vector ξµ,
δAµ = ξµ. (1.2)
This is the curved space analogue of the simplest possible global shift symmetry for a vector field.
As discussed in Ref. [22], this vector serves as the longitudinal mode of a massive spin-2 particle
in (A)dS space in a particular limit. As we send the mass of a massive spin-2 field to zero while
keeping the (A)dS radius fixed, the field decomposes into a massless spin-2 field and a k = 0 massive
vector.
In this paper, we study interacting theories of these k = 0 vectors. By studying the algebra of
symmetries, we find that there is a unique way to deform the algebra of the free theory. There are
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thus two types of shift symmetries, based on whether or not the symmetry algebra of the free theory
gets deformed, which we call “non-abelian” or “abelian,” respectively. Theories that are invariant
under these symmetries can be constructed by considering the (A)dS decoupling limit of interacting
theories of massive spin-2 particles in (A)dS space. In the case of interactions for a massive spin-
2 particle with a linear kinetic term, we get an interacting spin-1 theory with an abelian shift
symmetry, and in the case of interactions built from the Einstein–Hilbert kinetic term, we get an
interacting spin-1 theory with a non-abelian shift symmetry. If we choose the interactions to be
those of the pseudo-linear spin-2 theory extended to (A)dS space [23–25] or ghost-free de Rham–
Gabadadze–Tolley (dRGT) massive gravity [26], we get ghost-free spin-1 theories with abelian or
non-abelian shift symmetries, respectively. The ghost-free spin-1 theory with a non-abelian shift
symmetry was derived in Ref. [22] and here we find its nonlinear symmetries.
The full symmetry algebra of the interacting spin-1 theory with the non-abelian shift symmetry
is the direct sum of two copies of the (A)dS isometry algebra,1 so(5) ⊕ so(5). The actual (A)dS
isometry algebra is a diagonal so(5) subalgebra, so the symmetry breaking pattern is
so(5)⊕ so(5)→ so(5)diag. (1.3)
The broken generators can be seen as arising from the global part of the Stu¨ckelberg diffeomorphism
symmetry that survives the decoupling limit.
In the flat space limit, the (A)dS symmetries reduce to Poincare´ symmetries, and so the broken
generators can be organized into broken translations and broken Lorentz transformations. The flat
space decoupling limit of massive gravity is described by an interacting massless scalar-vector-tensor
theory where there is a galileon symmetry that acts on the scalar [27],
φ 7→ φ+ c+ bµxµ. (1.4)
Here c is a constant, bµ is a constant vector, and x
µ is the spacetime coordinate. These galileon
symmetries can be thought of as resulting from the global Stu¨ckelberg translations that correspond
to broken translations. However, the action of the broken Lorentz transformations has been unac-
counted for until now. We will see that the broken Lorentz transformations are indeed a symmetry
of the scalar-vector sector of the flat space massive gravity decoupling limit action. In the case of
dRGT massive gravity, these new symmetries take the form
δAˆµ = mµν
(
xν − 2
Λ33
∂ν φˆ
)
, (1.5)
where mµν is a constant antisymmetric tensor parametrizing the broken Lorentz transformations
and Λ3 ≡ (MPlm2)1/3 is the strong coupling scale. This symmetry fixes the form of the complicated
scalar-vector interactions in the decoupling limit relative to a few leading terms.
1Here and throughout we refer to complexified Lie algebras. The relevant real form depends on the spacetime
signature and whether we are in dS or AdS space.
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The rest of the paper is organized as follows: in Section 2 we describe the k = 0 shift symmetry
of a free vector field with mass squared m2 = 6L−2 and show how it arises in the decoupling
limit of a linearized massive spin-2 field on (A)dS space. In Section 3 we describe the algebra of
symmetries enjoyed by this theory and find a unique deformation such that the shift symmetries no
longer commute. In Sections 4 and 5 we construct theories that realize the abelian and non-abelian
symmetry algebras, respectively. In Section 6 we describe how the non-abelian shift symmetry of
the (A)dS decoupling limit of dRGT massive gravity leads to the non-linear vector symmetry (1.5)
in the flat space decoupling limit of massive gravity. In Section 7 we summarize our conclusions
and comment on interesting future directions to pursue. Several technical results are collected in
the appendices: in Appendix A we describe how to construct the non-abelian k = 0 vector shift
symmetry using embedding space techniques. In Appendix B we describe how the scalar-vector
sector of nonlinear massive gravity is fixed by demanding invariance under the symmetry (1.5).
Finally, in Appendix C we describe scalar-vector interactions with higher-k abelian vector shift
symmetries.
Conventions: We work in D = 4 spacetime dimensions and use the mostly plus metric signature
convention. We work in AdS space with radius L, so that R = −12/L2 < 0, or dS space with Hubble
scale H. Expressions can be translated between the two cases with the relation H2 ↔ −1/L2. All of
our results can be straightforwardly extended to Euclidean signature and to arbitrary dimensions.
Tensors are symmetrized and antisymmetrized with unit weight, e.g., T(µν) =
1
2 (Tµν + Tνµ) and
T[µν] =
1
2 (Tµν − Tνµ). We also define the scales Λk ≡
(
mk−1MPl
)1/k
.
2 Symmetries of the free (A)dS spin-1 theory
Consider a free massive spin-1 field, Aµ, on (A)dS4 with mass m, as described by the Proca
Lagrangian
L = √−γ
[
−1
4
F 2µν −
m2
2
A2
]
, (2.1)
where Fµν ≡ ∂µAν−∂νAν is the standard Maxwell field strength and indices are raised and lowered
with the background (A)dS4 metric, γµν .
It was shown in Ref. [21] that for particular values of the mass the free theory (2.1) acquires
various shift symmetries. In particular, at the mass value
m2 =
6
L2
, (2.2)
the field acquires a symmetry under a shift by a Killing vector ξµ,
δ(s)Aµ = ξµ, where ∇µξν +∇νξµ = 0 . (2.3)
Following the terminology of Ref. [21], we refer to this as the k = 0 symmetry.
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Note that this shift symmetry is nonlinearly realized and is distinct from the unbroken linearly
realized (A)dS isometries possessed by any covariant field in an (A)dS background. The isometries
act instead via a Lie derivative,
δ(i)Aµ = −LAµ = − (ν∇νAµ +∇µν Aν) , ∇µν +∇νµ = 0 , (2.4)
where µ is an (A)dS Killing vector, distinct from ξµ, parametrizing the (A)dS isometry.
We can understand the presence of the shift symmetry (2.3) by considering the vector as arising
from the longitudinal mode of a massive spin-2 field in the massless limit. The Lagrangian for a
spin-2 field, hµν , of mass m in (A)dS space is given by the Fierz–Pauli Lagrangian [28] extended
to maximally symmetric curved space [29],
Lm =
√−γ
[
− 1
2
∇αhµν∇αhµν +∇αhµν∇νhµα −∇µh∇νhµν + 1
2
∇µh∇µh
− 3
L2
(
hµνh
µν − 1
2
h2
)
− m
2
2
(
hµνh
µν − h2) ] . (2.5)
To take the massless limit we introduce a Stu¨ckelberg vector Aµ patterned after the linear diffeo-
morphism symmetry that is restored in the massless limit,
hµν 7→ hµν + 1
m
(∇µAν +∇νAµ) , (2.6)
where the mass scaling is chosen so that the kinetic term for the vector is canonically normalized
up to a constant factor. After the replacement (2.6), the theory has a gauge symmetry
δhµν = ∇µξν +∇νξµ, δAµ = −mξµ , (2.7)
where ξµ(x) is a vector gauge parameter. We can then take the massless (A)dS limit
m→ 0, L fixed, and hµν , Aµ, ξµ fixed , (2.8)
after which the Lagrangian (2.5) becomes
L = Lm=0 +
√−γ
[
−1
2
F 2µν −
6
L2
A2
]
, (2.9)
where Lm=0 is the Lagrangian (2.5) evaluated at m = 0. We see the appearance of a massive
vector with the mass (2.2), which carries the three extra degrees of freedom of a massive graviton
compared to a massless graviton.
In the massless limit (2.8), the gauge symmetry (2.7) becomes
δhµν = ∇µξν +∇νξµ, δAµ = 0 . (2.10)
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This is the transformation that survives the decoupling limit for arbitrary ξµ, so the vector field
has no gauge symmetry in the limit (2.8). There are, however, special choices of ξµ such that Aµ
does transform after taking the limit. To look for these, we define
ξˆµ = mξµ, (2.11)
and consider taking the decoupling limit holding ξˆµ fixed, so that (2.7) becomes
δhµν =
1
m
(
∇µξˆν +∇ν ξˆµ
)
, δAµ = ξˆµ . (2.12)
In general, the expression for δhµν in (2.12) blows up in the massless limit. However, in the special
case where ξˆµ is a Killing vector, satisfying the Killing equation ∇µξˆν + ∇ν ξˆµ = 0, then δhµν
vanishes and we are left with a finite shift symmetry for Aµ, recovering (2.3).
3 Symmetry algebra
In this section we use the ambient space formalism to describe the algebra formed by the shift
symmetries along with the (A)dS isometries and to classify possible deformations. This gives us
information about the possible invariant interactions for shift-symmetric spin-1 theories.
3.1 Ambient space
To classify possible symmetries, it is convenient to use the (A)dS ambient space formalism [30, 31],
where we describe (A)dS4 as a surface X
A(x) embedded in a 5-dimensional flat ambient space
with Cartesian coordinates XA (see Appendix B of Ref. [21] for more details of the ambient space
formalism in our conventions). A vector field Aµ(x) with mass (2.2) is bijectively mapped to a
vector field, AB(X), in the ambient space satisfying the following homogeneity and transversality
conditions:
XA∂AAB = AB and X
BAB = 0, (3.1)
where the (A)dS vector is recovered via the pullback,
Aµ(x) = ∂µX
B(x)AB (X(x)) . (3.2)
(A)dS Killing vectors are represented in ambient space by constant antisymmetric tensors. We
call the antisymmetric tensor associated to the (A)dS isometries JAB. The Killing vector 
µ of
(2.4) is then given through the relation
µ(x) = ∂µX
A(x)JABX
B(x). (3.3)
We call the antisymmetric tensor associated to the shift symmetries SAB, so the Killing vector ξ
µ
of (2.3) is given through the analogous relation
ξµ(x) = ∂µX
A(x)SABX
B(x). (3.4)
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3.2 Abelian shift symmetry
We now describe the symmetry algebra of the free theory. The isometries acting on the ambient
space vector take the form
δJABAC ≡ JABAC = (XA∂B −XB∂A)AC + (JAB) DC AD, (3.5)
where (JAB)C D ≡ ηACδBD− ηBCδAD is the Lorentz generator in the vector representation. These
satisfy the commutation relations of the (A)dS4 isometry algebra, so(5),
[JAB, JCD] = ηACJBD − ηBCJAD + ηBDJAC − ηADJBC . (3.6)
The shift symmetry (2.3) written in ambient space is δAB = SBCX
C , so its form is
δSABAC ≡ SABAC = ηC[AXB]. (3.7)
Due to the (A)dS covariance of the shift generators SAB, their commutators with the isometries
(3.5) are
[JAB, SCD] = ηACSBD − ηBCSAD + ηBDSAC − ηADSBC . (3.8)
Since the shifts (3.7) are independent of the field, they commute among themselves,
[SAB, SCD] = 0. (3.9)
The commutators (3.6), (3.8), and (3.9) together close to form the algebra of the free theory. It is
a semi-direct product of so(5) with the abelian algebra of the shifts.
3.3 Non-abelian deformations
We now look for deformations of the free symmetry algebra. The action of the isometries on the
field is unchanged in an interacting theory, so the commutators (3.6) remain the same.
The shift symmetry of the vector may be deformed by terms involving powers of the fields,
δSABAC ≡ SABAC = ηC[AXB] +O (A) . (3.10)
Regardless of the deformation, the commutator (3.8) remains the same since the symmetry (3.10)
should remain (A)dS covariant. However, the commutator (3.9) can be modified. The most general
structure which can appear on the right-hand side that is consistent with the symmetries of the
left-hand side is
[SAB, SCD] = α (ηACJBD − ηBCJAD + ηBDJAC − ηADJBC)
+ β (ηACSBD − ηBCSAD + ηBDSAC − ηADSBC) . (3.11)
This ansatz satisfies all Jacobi identities for any values of the constants α and β, so it describes a
consistent algebra.
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When β2 + 4α = 0, this reduces to the abelian algebra of the free theory, as can be seen by
defining
S˜AB ≡ SAB − β
2
JAB, (3.12)
which commutes with itself. For any other values of α and β, we can make the following change of
basis:
B±AB =
√
4α+ β2 ± β
2
√
4α+ β2
JAB ∓ 1√
4α+ β2
SAB, (3.13)
which has inverse
JAB = B
+
AB +B
−
AB, SAB =
β −
√
4α+ β2
2
B+AB +
β +
√
4α+ β2
2
B−AB, (3.14)
after which we see that the algebra is so(5)⊕ so(5),[
B+AB, B
+
CD
]
= ηACB
+
BD − ηBCB+AD + ηBDB+AC − ηADB+BC ,[
B−AB, B
−
CD
]
= ηACB
−
BD − ηBCB−AD + ηBDB−AC − ηADB−BC ,[
B+AB, B
−
CD
]
= 0. (3.15)
Since the JAB are unbroken symmetries and the SAB are broken symmetries, the symmetry breaking
pattern breaks two copies of the (A)dS group down to the diagonal subgroup,
so(5)⊕ so(5)→ so(5)diag. (3.16)
A specific deformation of the form (3.10) that realizes the non-abelian algebra is2
SABAC = ηC[AXB] + 4αA[A∂B]AC , (3.18)
which gives the commutator (3.11) with β = 0. We could now proceed to directly search for (A)dS
interactions that are invariant under the restriction of the transformation (3.18) to the (A)dS
surface. However, in what follows it will be more convenient to construct the interacting theory
from massive gravity, which leads to a different parametrization of the symmetry transformation.
2One way to find this is to look for modifications to the shift symmetry that involve at most one derivative. The
only possible terms which preserve the homogeneity condition XA∂AAB = AB and close with the isometries under
commutation are then given by
SABAC = ηC[AXB] + β1ηC[AAB] + β2X[A∂B]AC + 4αA[A∂B]AC , (3.17)
with free coefficients β1, β2, and α. (Note there are no terms with higher powers of A consistent with the scal-
ing requirement without introducing more derivatives.) Requiring that this preserves the transversality condition
XBAB = 0 implies that β1 = β2. The terms proportional to the β’s are then nothing but an (A)dS isometry (3.5),
so we can drop them without loss of generality, which leads to (3.18).
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4 Spin-1 theory with abelian shift symmetry from pseudo-linear
interactions
A simple way to construct interacting spin-1 theories realizing the abelian algebra of Section 3.2
is to consider pseudo-linear interactions of a massive spin-2 particle. These are constructed by
starting with the linear Lagrangian (2.5) and adding nonlinear potential terms,
L = Lm +
√−γm2M2PlV (h/MPl) , (4.1)
where indices are contracted using the background (A)dS metric, γµν . Here MPl is an interaction
scale analogous to the Planck mass and V (h/MPl) is an analytic function of hµν/MPl that starts
at cubic order in the field (the mass terms are already included in Lm).
We now introduce a Stu¨ckelberg field through the same linear replacement (2.6) as in the linear
theory, which leaves the massless kinetic term invariant. This leaves the theory invariant under the
linearized gauge symmetry (2.7). We may then take a massless decoupling limit, keeping fixed the
(A)dS scale and the strong coupling scale Λ2 ≡ (MPlm)1/2,
m→ 0, MPl →∞, with L, Λ2 and hµν , Aµ held fixed . (4.2)
At nonlinear orders, this decoupling limit amounts to keeping only the Aµ terms from the potential.
Thus the decoupling limit consists of a decoupled free massless spin-2 field and a self-interacting
vector Lagrangian given by
LA =
√−γ
[
−1
2
F 2µν −
6
L2
A2µ + Λ
4
2V (B/Λ2)
]
, (4.3)
where
Bµν ≡ ∇µAν +∇νAµ . (4.4)
The Lagrangian is a nonlinear function only of the tensor Bµν which is manifestly invariant under
the shift symmetry of the linear theory, (2.3). The linear part of the Lagrangian, which comes from
the Fierz–Pauli mass term, can also be written in terms of Bµν as ∼ B2µν −B2.
The theory (4.3) is generally ghostly, but we can write a ghost-free version by using the pseudo-
linear potential extended to (A)dS space [23–25],
V (h) = −α3
2
µ1µ2µ3λν1ν2ν3λhµ1ν1hµ2ν2hµ3ν3 −
α4
2
µ1µ2µ3µ4ν1ν2ν3ν4hµ1ν1hµ2ν2hµ3ν3hµ4ν4 , (4.5)
where α3, α4 are two free parameters. Replacing hµν 7→ Bµν gives a ghost-free vector theory.
The above construction tells us that Bµν is an invariant building block out of which we can make
shift-symmetric interacting theories. In these theories the symmetry algebra is undeformed from
the linear case, so in this sense they are analogous to the galileons or (A)dS galileons [9, 10, 32].
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Now that we have the invariant building block, we can remove the scaffolding of the massive
spin-2 construction and consider more general invariant Lagrangians given by any scalar function
F of Bµν and the background covariant derivative ∇µ,
LA =
√−γF (B,∇) , (4.6)
and the result will be an interacting spin-1 Lagrangian that is trivially invariant under (2.3).
5 Spin-1 theory with non-abelian shift symmetry from massive
gravity
With the experience gained from studying the interacting theory that realizes the abelian algebra,
we can now guess that theories invariant under the non-abelian algebra of Section 3.3 will be found
by starting with nonlinear massive gravity built from the Einstein–Hilbert term,
L = M
2
Pl
2
√−g
[
R(g) +
6
L2
+m2V (g, γ)
]
. (5.1)
Here V is a scalar function of gµν , which is the full dynamical metric, and γµν , which is the
background (A)dS metric.
The nonlinear Stu¨ckelberg procedure on (A)dS space can be carried out by replacing [33]3
γµν 7→ γ˜µν = γµν − Sµν − Sνµ + S λµ Sνλ −
1
L2 +A2
TµTν , (5.2)
where
Sµν ≡ ∇µAν + γµν
(
1−
√
1 +
1
L2
A2
)
, Tµ ≡ 1
2
∂µ(A
2)−
√
1 +
1
L2
A2Aµ , (5.3)
and where indices in these expressions are raised and lowered using γµν .
Next we expand in metric perturbations,
gµν = γµν + hµν , (5.4)
and define the fields
hˆµν =
MPl
2
hµν , Aˆµ =
MPlm
2
Aµ , (5.5)
which are canonically normalized up to a constant factor. We then take the following decoupling
limit with Λ2 fixed,
MPl →∞, m→ 0, with L, Λ2 and hˆµν , Aˆµ held fixed. (5.6)
3See Appendix C of Ref. [22] for a summary in our conventions. A covariant Stu¨ckelberg formalism was also
studied in Refs. [34, 35].
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In this decoupling limit, all hˆµν ’s coming from the potential, as well as nonlinear terms in the
Einstein–Hilbert action, scale to zero, leaving a decoupled linear massless spin-2 field and the
following self-interacting vector theory:
LA = Λ
4
2
2
√−γV (γ, γ˜) , (5.7)
with γ˜µν as in (5.2).
The theory (5.7) will generally have ghosts but—as discussed in Ref. [22]—it will be ghost free
if we choose the potential to be that of dRGT massive gravity [26] (see Refs. [36, 37] for reviews).
On an (A)dS background [38], the dRGT Lagrangian is
L = M
2
Pl
2
√−g
(
R[g] +
6
L2
+m2 [S2(K) + α3S3(K) + α4S4(K)]
)
, (5.8)
where the tensor Kµν is defined by
Kµν = δµν −
(√
g−1γ
)µ
ν
, (5.9)
and Sn are the symmetric polynomials, defined by Sn(K) = n!K[µ1µ1Kµ2µ2 · · · Kµn]µn . As for the ghost-
free pseudo-linear potentials, there are two dimensionless free parameters, α3 and α4.
5.1 Shift symmetry of the decoupling limit vector theory
We now show that the interacting spin-1 theory (5.7), which appears in the decoupling limit of mas-
sive gravity, is automatically invariant under a nonlinear shift symmetry that realizes the algebra
of Section 3.3.
After the Stu¨ckelberg fields are introduced, but before taking any decoupling limit, the mas-
sive gravity action has the diffeomorphism symmetry that the Stu¨ckelberg fields are designed to
introduce. This symmetry reads (see appendix A for the derivation)
δhµν = ∇µξν +∇νξµ + Lξhµν , (5.10)
δAµ = −ξµ + ξρ∇ρAµ + ξµ
(
1−
√
1 +
1
L2
A2
)
. (5.11)
In terms of the hatted fields defined in Eq. (5.5), this becomes
δhˆµν =
MPl
2
(∇µξν +∇νξµ) + Lξhˆµν , (5.12)
δAˆµ = −mMPl
2
ξµ + ξ
ρ∇ρAˆµ + mMPl
2
ξµ
1−
√
1 +
4Aˆ2
(mMPlL)2
 . (5.13)
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To see the gauge symmetry of the decoupling limit, we normalize ξµ =
2
MPl
ξˆµ and then take the
limit (5.6) with ξˆµ fixed. This leaves only
δhˆµν = ∇µξˆν +∇ν ξˆµ, δAˆµ = 0, (5.14)
which is the linear diffeomorphism symmetry of the decoupled linear kinetic term for hµν .
The shift symmetry we seek, on the other hand, has as its leading part the first term in (5.13).
To see this global symmetry we define ξ¯µ =
1
2mMPlξµ, so the transformations become
δhˆµν =
1
m
(∇µξ¯ν +∇ν ξ¯µ)+ 2
mMPl
Lξ¯hˆµν , (5.15)
δAˆµ = −ξ¯µ + 2
mMPl
ξ¯ρ∇ρAˆµ + ξ¯µ
(
1−
√
1 +
4Aˆ2
(mMPlL)
2
)
. (5.16)
Now in the decoupling limit (5.6) with ξ¯µ fixed, the first terms in (5.15) blow up unless ξ¯µ is a
Killing vector, for which ∇µξ¯ν +∇ν ξ¯µ = 0. In this case we get a finite limit which is the nonlinear
global symmetry,
δhˆµν =
2
Λ22
Lξ¯hˆµν , (5.17)
δAˆµ = −ξ¯µ + 2
Λ22
ξ¯ρ∇ρAˆµ + ξ¯µ
(
1−
√
1 +
4Aˆ2
(Λ22L)
2
)
= −ξ¯µ − 2
Λ22
∇µξ¯νAˆν + ξ¯µ
(
1−
√
1 +
4Aˆ2
(Λ22L)
2
)
+
2
Λ22
Lξ¯Aˆµ . (5.18)
The Lie derivative terms in δhˆµν and δAˆµ are simply an (A)dS isometry, so we can remove them
by redefining the symmetry transformations to subtract off these (A)dS isometries. This leaves a
non-linear shift symmetry that acts only on the vector field, which simplifies to
δAˆµ = − 2
Λ22
∇µξ¯νAˆν − ξ¯µ
√
1 +
4Aˆ2
(Λ22L)
2 . (5.19)
We see explicitly how the global part of the diffeomorphism symmetry gets inherited by the vector
field as a shift symmetry.
Upon going back to non-canonical normalization, the shift symmetry (5.19) reads
δ
(s)
ξ Aµ = −∇µξνAν − ξµ
√
1 +
A2
L2
. (5.20)
Under this transformation, the Stu¨ckelberg metric γ˜µν(A) defined in (5.2) transforms as a tensor,
δ
(s)
ξ γ˜µν = Lξγ˜µν . (5.21)
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We can therefore use it, disregarding its origin from the decoupling limit of massive gravity, as a
covariant building block to make invariant vector theories. Any covariant Lagrangian made from
γ˜µν and the background (A)dS metric γµν will be invariant under the shift symmetry (5.20),
L = √−γF (γ, γ˜,∇, ∇˜, · · · ). (5.22)
This works because ξµ is an (A)dS Killing vector, so that we have Lξγµν = 0.
5.2 Algebra of symmetries
We now proceed to calculate the commutation relations among the nonlinear shift symmetries
(5.20) and the background (A)dS isometries (2.4), verifying that they satisfy the unique deformed
algebra identified in Section 3.3. Directly computing the commutators gives the following:
• The commutator of two isometries is[
δ(i) , δ
(i)
′
]
Aµ = δ
(i)
[,′]Aµ , (5.23)
where [, ′]µ = ν∇ν′µ − ′ν∇νµ is the Lie bracket. This is the so(5) algebra of (A)dS
isometries.
• The commutator of a shift symmetry with an isometry is another shift symmetry,[
δ(i) , δ
(s)
ξ
]
Aµ = δ
(s)
[,ξ]Aµ . (5.24)
This tells us that the shifts transform covariantly under isometries.
• The commutator of two shift symmetries is again a shift symmetry[
δ
(s)
ξ , δ
(s)
ξ′
]
Aµ = δ
(s)
[ξ,ξ′]Aµ . (5.25)
To obtain all these commutators we must use the fact that the ’s and ξ’s satisfy Killing’s equation.
If we now define the linear combinations
δ
(+)
ξ Aµ ≡
(
δ
(i)
ξ − δ(s)ξ
)
Aµ = −ξν∇νAµ + ξµ
√
1 +
A2
L2
, (5.26)
δ
(−)
ξ Aµ ≡ δ(s)ξ Aµ = −∇µξνAν − ξµ
√
1 +
A2
L2
, (5.27)
then δ(±) satisfy [
δ
(+)
ξ , δ
(+)
ξ′
]
Aµ = δ
(+)
[ξ,ξ′]Aµ , (5.28)[
δ
(−)
ξ , δ
(−)
ξ′
]
Aµ = δ
(−)
[ξ,ξ′]Aµ , (5.29)[
δ
(+)
ξ , δ
(−)
ξ′
]
Aµ = 0 , (5.30)
which are the commutators of so(5)⊕ so(5) with the breaking pattern (3.16), so that the diagonal
so(5) is linearly-realized.
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6 Flat space symmetries
We now study the flat space limits of the various interacting (A)dS vector theories that we have
been considering. In the flat limit, the mass (2.2) goes to zero and the massive spin-1 particle
decomposes into a massless spin-1 particle plus a massless scalar that describes the longitudinal
mode.
The resulting theories can also be obtained as the scalar-vector sector of the flat space decoupling
limits of massive gravity or the massive spin-2 pseudo-linear theory. In the case of dRGT massive
gravity (5.8), the flat space decoupling limit is
m→ 0, L→∞, MPl →∞, with mL, Λ3 held fixed, (6.1)
where Λ3 ≡ (MPlm2)1/3. The decoupling limit contains three types of interactions: scalar self-
interactions in the form of galileons; scalar-tensor interactions with one power of hµν and various
powers of ∂µ∂νφ, whose coefficients all depend on mL [33]; and scalar-vector interactions with two
powers of ∂µAν and various powers of ∂µ∂νφ that do not depend on mL. The only important part
for us is the scalar-vector interactions, which have the following schematic structure:4
Lmg(Aˆ, φˆ) =− 6(∂φˆ)2 − 1
2
Fˆ 2µν +O
(
Fˆ 2
[
Πˆ + Πˆ2 + · · ·
])
+
(3α3 + 1)
2Λ33
µ1µ2µ3λν1ν2ν3λFˆµ1µ2Fˆν1ν2Πˆµ3ν3 +O
(
Fˆ 2
[
Πˆ2 + Πˆ3 + · · ·
])
(6.2)
+
(12α4 + 3α3)
2Λ63
µ1µ2µ3µ4ν1ν2ν3ν4Fˆµ1µ2Fˆν1ν2Πˆµ3ν3 Πˆµ4ν4 +O
(
Fˆ 2
[
Πˆ3 + · · ·
])
,
where Fˆµν ≡ ∂µAˆν − ∂νAˆµ and Πˆµν ≡ ∂µ∂ν φˆ. The hatted fields, which are canonically normalized
up to a constant factor, are rescaled Stu¨ckelberg fields that are defined below. The reason for
writing the interactions as in Eq. (6.2) is also explained below.
For a generic ghostly theory of massive gravity of the form (5.1), the strong coupling scale is
some scale Λ∗ < Λ3. The Λ∗ decoupling limit consists of a decoupled free tensor and vector plus
a scalar with self interactions which are functions of second derivatives of the scalar suppressed by
Λ∗ [45].
The decoupling limit of massive gravity is invariant under the galileon shift symmetry (1.4), and
this is the only global symmetry known so far. However, since the scalar-vector interactions (6.2)
are independent of mL, they must also appear in the flat space limit of the (A)dS spin-1 theory
with the non-abelian shift symmetry, which is itself a decoupling limit of massive gravity. This
raises a puzzle: our massive spin-1 theory has 10 broken symmetries, one for each independent
(A)dS4 Killing vector, but the flat limit seems to have fewer, four in the galileon symmetry bµ and
one in the shift symmetry c. What happened to the other symmetries?
4The full decoupling limit including the vectors was derived in Refs. [39, 40], while partial results can be found in
Refs. [41–44]. An explicit expression up to quartic order in the fields is also given in Eq. (4.20) of Ref. [22].
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As we will see, the other symmetries are indeed present, in the form of a shift of the helicity-1
mode,
δAˆµ = mµν
(
xν − 2
Λ33
∂ν φˆ
)
, (6.3)
where mµν is a constant antisymmetric tensor. In the flat limit, the 10 broken (A)dS transforma-
tions decompose into Poincare´ transformations. The galileon shifts bµ correspond to the translations
and mµν correspond to the Lorentz transformations, which accounts for the missing symmetries.
Including the additional six Lorentz transformations, the flat limit now has 11 symmetries, which
is one more than the massive theory. The extra symmetry is the shift symmetry c, which is the
generic extra shift symmetry that the longitudinal mode of a vector acquires in its massless limit.
There is a similar story for the (A)dS theory with the abelian shift symmetry, whose flat space
limit corresponds to the scalar-vector sector of the decoupling limit of the massive spin-2 pseudo-
linear theory and which has a free version of the vector symmetry (6.3), which acts as
δAµ = mµνx
ν . (6.4)
We now show explicitly how these symmetries arise from two perspectives: directly in the massive
spin-2 decoupling limits, and from the flat-space limits of the (A)dS shift-symmetric vector theories.
6.1 Massive gravity decoupling limit
We start by deducing the existence of the new symmetry (6.3) directly from the standard flat space
Stu¨ckelberg replacement and decoupling limit procedure as applied to massive gravity.
The Stu¨ckelberg procedure for massive gravity on flat space consists of the following replacement
on the metric fluctuation away from the fiducial flat metric, Hµν ≡ gµν − ηµν [27, 46],
Hµν 7→ hµν + ∂µAν + ∂νAµ − ∂µAα∂νAα . (6.5)
This decomposition has the Stu¨ckelberg gauge invariance
δhµν = ∂µξν + ∂νξµ + Lξhµν , (6.6)
δAµ = −ξµ + ξν∂νAµ . (6.7)
We then make a further Stu¨ckelberg replacement to introduce a scalar
Aµ 7→ Aµ + ∂µφ, (6.8)
which gives the gauge symmetry,5
δhµν = ∂µξν + ∂νξµ + Lξhµν , (6.9)
δAµ = ∂µΛ− ξµ + ξν∂ν(Aµ + ∂µφ), (6.10)
δφ = −Λ. (6.11)
5Note that there is a typo in earlier versions of Ref. [36]: the φ-dependent term on the right-hand side of δAµ was
missing, and this is crucial for the new symmetry.
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Defining the fields
hˆµν =
1
2
MPlhµν , Aˆµ =
1
2
mMPlAµ, φˆ =
1
2
m2MPlφ, (6.12)
which are canonically normalized up to a constant factor, the gauge transformations take the form
δhˆµν =
1
2
MPl (∂µξν + ∂νξµ) + Lξhˆµν ,
δAˆµ =
1
2
mMPl ∂µΛ− 1
2
mMPl ξµ + ξ
ν∂ν
(
Aˆµ +
1
m
∂µφˆ
)
,
δφˆ = −1
2
m2MPlΛ . (6.13)
To investigate the gauge symmetry of the decoupling limit, we normalize ξˆµ =
1
2MPlξµ and
Λˆ = 12mMPlΛ so the fields transform as
δhˆµν = ∂µξˆν + ∂ν ξˆµ +
2
MPl
Lξˆhˆµν ,
δAˆµ = ∂µΛˆ−m ξˆµ + 2
MPl
ξˆν∂ν
(
Aˆµ +
1
m
∂µφˆ
)
,
δφˆ = −mΛˆ. (6.14)
In the decoupling limit with m → 0, MPl → ∞, any scale smaller than Λ2 held fixed, and all the
hatted fields and gauge parameters held fixed, this reduces to the linear gauge symmetry
δhˆµν = ∂µξˆν + ∂ν ξˆµ ,
δAˆµ = ∂µΛˆ,
δφˆ = 0 . (6.15)
These are the only symmetries that survive the decoupling limit for arbitrary Λ and ξµ.
For specific choices of Λ and ξµ, corresponding to reducibility parameters of the gauge symme-
tries, there can be other transformations that survive the decoupling limit and appear as global
symmetries. First we look for global symmetries of the scalar, i.e., special choices of Λ that might
survive the decoupling limit to act on φˆ. We define Λ˜ = 12m
2MPlΛ, so the fields transform as
δhˆµν = ∂µξˆν + ∂ν ξˆµ +
2
MPl
Lξˆhˆµν ,
δAˆµ =
1
m
∂µΛ˜−m ξˆµ + 2
MPl
ξˆν∂ν
(
Aˆµ +
1
m
∂µφˆ
)
,
δφˆ = −Λ˜. (6.16)
From this, we see that the first term on the right-hand side of the Aˆµ transformation will blow
up in the massless decoupling limit with Λ˜ held fixed. One way to avoid this is if ∂µΛ˜ = 0, i.e.,
if Λ˜ is a constant. For this case, the decoupling limit with Λ˜ and ξˆµ fixed is finite. The new
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surviving transformation is the constant shift of φˆ, which is the global symmetry corresponding to
the reducibility parameter of the U(1) gauge symmetry.
The other way to avoid the first term of δAˆµ blowing up is if it is cancelled by the second term,
i.e., if
1
m
∂µΛ˜−mξˆµ = 0 =⇒ ∂µΛ˜ = ξ˜µ, (6.17)
where we have defined ξ˜µ ≡ m2ξˆµ. The remaining field transformations are then given by
δhˆµν =
1
m2
(
∂µξ˜ν + ∂ν ξ˜µ
)
+
2
m2MPl
Lξ˜hˆµν ,
δAˆµ =
2
m2MPl
ξ˜ν∂ν
(
Aˆµ +
1
m
∂µφˆ
)
,
δφˆ = −Λ˜. (6.18)
We see that now the first term on the right-hand side of the hˆµν transformation will blow up in
the massless decoupling limit with Λ˜ and ξ˜µ held fixed unless ξ˜µ is a Killing vector. The Killing
vectors on Minkowski space are either translations, where ξ˜µ = −bµ for some constant vector bµ, or
Lorentz transformations, where ξ˜µ = −mµνxν for some constant antisymmetric tensor mµν . The
Killing vectors corresponding to Lorentz transformations cannot be written as gradients of scalars
(since mµνx
ν is not closed as a 1-form) so they cannot satisfy the condition (6.17). Thus we must
use the translation, for which we have the solution Λ˜ = −bµxµ.
Under the global symmetry generated by bµ, the fields transform in the following way:
δhˆµν = − 2
MPlm2
bρ∂ρhˆµν ,
δAˆµ = − 2
MPlm2
bν∂νAˆµ − 2
MPlm3
∂µ
(
bν∂ν φˆ
)
,
δφˆ = bµx
µ. (6.19)
These global symmetries are finite for any decoupling limit with the scale Λ∗ ≤ Λ3 held fixed. The
second term on the right-hand side of δAˆµ is at the scale Λ4 ≡ (m3MPl)1/4 and so it appears to blow
up if Λ∗ > Λ4, which includes the case Λ∗ = Λ3. However, this term has the form of a U(1) gauge
transformation for Aµ and so it can be cancelled by a transformation (6.14) with Λˆ =
2
m3MPl
bµ∂µφˆ.
This leaves
δhˆµν = − 2
MPlm2
bρ∂ρhˆµν ,
δAˆµ = − 2
MPlm2
bν∂νAˆµ ,
δφˆ = bµx
µ − 2
MPlm2
bµ∂µφˆ . (6.20)
The terms carrying the scale Λ3 are now simply a translation on hˆµν , Aˆµ, and φˆ, and so are part of
the ordinary Poincare´ symmetry in the Λ3 decoupling limit. What remains is the galileon symmetry
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of the decoupling limit acting on the scalar. We have seen the precise sense in which it appears as
the global translation part of the Stu¨ckelberg diffeomorphism invariance. Note that the translation
terms are absent for any decoupling limit with Λ∗ < Λ3, but the global galileon symmetry is still
present.
We recovered the scalar galileon symmetry in the decoupling limit from the reducibility parameter
of the gauge symmetry corresponding to global translations, but what happens to the reducibility
parameter of the gauge symmetry corresponding to global Lorentz transformations? To answer
this, we look for global symmetries of the vector, i.e., special choices of ξµ that might survive
the decoupling limit to act on Aµ. Returning to (6.13), we see that the fields transform under
ξ¯µ ≡ 12MPlmξµ as
δhˆµν =
1
m
(
∂µξ¯ν + ∂ν ξ¯µ
)
+
2
MPlm
Lξ¯hˆµν ,
δAˆµ = −ξ¯µ + 2
MPlm
ξ¯ν∂ν
(
Aˆµ +
1
m
∂µφˆ
)
,
δφˆ = 0 . (6.21)
We again see that the first term on the right-hand side of δhˆµν will blow up in the massless
decoupling limit with ξ¯µ held fixed unless ξ¯µ is a Killing vector, i.e., ξ¯µ = −bµ or ξ¯µ = −mµνxν . In
this case, we are left with
δhˆµν =
2
MPlm
Lξ¯hˆµν ,
δAˆµ = −ξ¯µ + 2
MPlm
Lξ¯Aˆµ −
2
MPlm
∂µξ¯
νAˆν − 2
MPlm2
∂µξ¯
ν∂ν φˆ+
2
MPlm2
∂µ
(
ξ¯ν∂ν φˆ
)
,
δφˆ = 0 . (6.22)
We have reorganized the terms in the δAˆµ transformation to make explicit a Lie derivative on Aˆµ
in the first term and a total derivative in the last term.
The total derivative in the last term of the δAˆµ transformation of (6.22) is a U(1) gauge trans-
formation for Aˆµ and so it can be cancelled by a transformation (6.14) with gauge parameter
Λˆ = − 2
mMPl
ξ¯ν∂ν φˆ = − 2
mMPl
Lξ¯φˆ. (6.23)
This leaves
δhˆµν =
2
MPlm
Lξ¯hˆµν ,
δAˆµ = −ξ¯µ + 2
MPlm
Lξ¯Aˆµ −
2
MPlm
∂µξ¯
νAˆν − 2
MPlm2
∂µξ¯
ν∂ν φˆ ,
δφˆ =
2
mMPl
Lξ¯φˆ . (6.24)
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The Lie derivative terms are now simply an ordinary Poincare´ transformation on hˆµν , Aˆµ, and
φˆ, and so can be ignored. In the translation case, ξ¯µ = −bµ, all the remaining terms in δAˆµ vanish,
and so we get nothing new. In the Lorentz transformation case, ξ¯µ = −mµνxν , we obtain a genuine
new global symmetry; in the Λ3 decoupling limit, this symmetry comes from the first and final
terms in the δAˆµ transformation of (6.24), giving the nonlinear shift symmetry
δAˆµ = mµν
(
xν − 2
Λ33
∂ν φˆ
)
. (6.25)
The transformation (6.25) is a global symmetry of the decoupling limit of dRGT massive gravity.
Since it only acts on the vector and only mixes in scalars, it is a symmetry of the scalar-vector sector
of the theory, as described by (6.2). Looking at the first line of (6.2), the symmetry completely
fixes the structure of the Fˆ 2Πˆp terms with p ≥ 1 relative to the photon kinetic term. Looking at
the second line, the symmetry completely fixes the structure of the Fˆ 2Πˆp terms with p ≥ 2 relative
to the initial Fˆ 2Πˆ term. And looking at the final line, the symmetry completely fixes the structure
of the Fˆ 2Πˆp terms with p ≥ 3 relative to the initial Fˆ 2Πˆ2 term. We show how this works in detail
in Appendix B.
Note that the φˆ term in (6.25) only survives in the Λ3 decoupling limit. In any decoupling limit
with the scale Λ∗ < Λ3 fixed, we would only have the first term in (6.25). Indeed, in this case the
vectors in the decoupling limit only appear in the free Maxwell action, for which δAµ = mµνx
ν is
a symmetry.
6.2 Massless limit of the (A)dS spin-1 theory
We can also see the symmetry (6.25) by taking the flat space limit of the spin-1 symmetry (5.20).
To take the flat limit, we must introduce a Stu¨ckelberg field φˆ for the longitudinal mode of the
vector,
Aˆµ 7→ Aˆµ + L∇µφˆ, (6.26)
which introduces a U(1) gauge symmetry,
δAˆµ = ∂µΛ, δφˆ = − 1
L
Λ. (6.27)
The global shift symmetry (5.19) becomes
δAˆµ = − 2
Λ22
∇µξ¯ν (Aˆν + L∇ν φˆ)− ξ¯µ
√√√√1 + 4(Aˆµ + L∇µφˆ)2
(Λ22L)
2 . (6.28)
In the flat decoupling limit [22],
L→∞, Λ2 →∞, with Λ22/L held fixed , (6.29)
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the symmetry (6.28) becomes
δAˆµ = −ξ¯µ − 2L
Λ22
∂µξ¯
ν∂ν φˆ . (6.30)
In the case where the Killing vector ξ¯µ is a boost, −mµνxν , we recover (6.25) after the identification
Λ3 ↔ (Λ22/L)1/3 relevant to this limit [22].
6.3 Pseudo-linear decoupling limit
We now show how a decoupling limit Lagrangian with an abelian shift symmetry can be derived
from the flat space pseudo-linear theory with the potential (4.5) [23, 24].
The flat space Stu¨ckelberg prescription for the pseudo-linear theory is the same as for the free
theory [24],
hµν 7→ hµν + 1
m
(∂µAν + ∂νAµ) +
2
m2
∂µ∂νφ. (6.31)
The gauge symmetry is an abelian version of (6.13),
δhµν = ∂µξν + ∂νξµ ,
δAµ = m∂µΛ−mξµ ,
δφ = −m2Λ . (6.32)
Going through the same arguments as in Section 6.1, we can see that the decoupling limit theory
will have the same linearized gauge symmetry and galileon shift symmetries as in the non-abelian
case. However, the global vector symmetry will be different. Looking for special choices of ξµ that
might survive the decoupling limit to act on Aµ, we first write the field transformations in terms
of ξ¯µ ≡ mξµ,
δhµν =
1
m
(
∂µξ¯ν + ∂ν ξ¯µ
)
,
δAµ = −ξ¯µ. (6.33)
As before, the first term on the right-hand side of δhµν will blow up in the massless decoupling
limit with ξ¯µ held fixed unless ξ¯µ is a Killing vector, i.e., unless ξ¯µ = −bµ or ξ¯µ = −mµνxν . In
the translation case, when ξ¯µ = −bµ, this is part of the U(1) gauge symmetry for Aµ, but in the
Lorentz transformation case, when ξ¯µ = −mµνxν , the transformation is a genuine global symmetry,
δAµ = mµνx
ν , (6.34)
which is just the linear part of (6.25).
The scalar-tensor part of the Λ3 decoupling limit Lagrangian has a similar form to that of dRGT
massive gravity [24], while the scalar-vector part is given by
Lpl (A, φ) = −1
2
F 2µν+
µ1µ2µ3µ4ν1ν2ν3ν4
(
3α3
2Λ33
Fµ1µ2Fν1ν2∂µ3∂ν3φ ηµ4ν4 +
6α4
Λ63
Fµ1µ2Fν1ν2∂µ3∂ν3φ∂µ4∂ν4φ
)
,
(6.35)
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which has the same form as (6.2) but without the higher-order interactions. The symmetry (6.34)
shifts the Maxwell field strength by a constant, δFµν ∼ mµν , and using this and the antisymmetry
of the ’s it is straightforward to see that the scalar-vector action (6.35) is invariant up to a
total derivative. We can also derive (6.35) by taking the flat space limit of the ghost-free (A)dS
vector theory with the abelian shift symmetry. The symmetry (6.34) also exists for each vector in
the decoupling limit of pseudo-linear interactions involving multiple massless and massive spin-2
fields [47].
6.4 Symmetry algebra
The generators of the galileon symmetry (1.4) can be represented as
Cφ = 1 , Bµφ = xµ ,
CAµ = 0 , B
µAν = 0 . (6.36)
The standard linearly-realized Poincare´ generators act as
Pµφ = −∂µφ, Jµνφ = (xµ∂ν − xν∂µ)φ,
PµAν = −∂µAν , JµνAρ = (xµ∂ν − xν∂µ)Aρ + (Jµν) σρ Aσ, (6.37)
where (Jµν)ρ σ ≡ ηµρδνσ − ηνρδµσ is the Lorentz generator in the vector representation. These
satisfy the standard commutators of the Poincare´ algebra,
[Jµν , Pλ] = ηµλPν − ηνλPµ, [Jµν , Jλσ] = ηµλJνσ − ηνλJµσ + ηνσJµλ − ηµσJνλ. (6.38)
The Poincare´ and galileon generators together close to form the galileon algebra [11], whose other
non-zero commutators are
[Pµ, Bν ] = ηµνC , [Jµν , Bλ] = ηµλBν − ηνλBµ .
There is now an additional antisymmetric traceless generator associated with the new symmetry
(6.25),
MλνAµ = ηµ[λxν] −
2
Λ33
ηµ[λ∂ν]φ , Mλνφ = 0. (6.39)
The only non-zero commutator of this new symmetry with itself or with the remaining generators
of the galileon algebra is the one dictated by Lorentz invariance,
[Jµν ,Mλσ] = ηµλMνσ − ηνλMµσ + ηνσMµλ − ηµσMνλ. (6.40)
In particular, all commutators of the new symmetry with the translations and galileon transfor-
mations vanish. In saying that these commutators vanish, we really mean that they vanish up to
a U(1) gauge transformation on the photon. For example, the commutator of the new symmetry
with a translation by aµ acting on the vector field is
mνλaσ [Mνλ, Pσ]Aµ = ∂µ
(
mνλaνxλ
)
, (6.41)
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and the commutator of the new symmetry with a galileon shift by bµ acting on the vector field is
mνλbσ [Mνλ, Bσ]Aµ = ∂µ
(
2
Λ33
mνλbνxλ
)
. (6.42)
When a system possesses both gauge and global symmetries, as this one does, the global symmetry
algebra is only defined modulo the ideal of gauge symmetries [48].
The global symmetry algebra does not depend on the terms proportional to 1/Λ33 in (6.39), so
it is the same algebra as that of the pseudo-linear theory with δAµ = mµνx
ν . It might be thought
that theories nonlinearly realizing the same global symmetry algebra must be the same up to field
redefinitions, which would mean that the pseudo-linear decoupling limit is secretly the same theory
as the dRGT decoupling limit. However, as can be checked by explicitly computing four-point
scattering amplitudes, these theories are not the same. One way to understand why these theories
are inequivalent is to note that the structure of the full algebra including the gauge symmetries
is different, as can be seen from (6.42), and the coset construction of theories with gauge fields is
sensitive to the structure of the gauge algebra [49–51].
7 Conclusions
In this paper we have studied interacting theories of massive spin-1 fields on (A)dS space with the
special mass given by
m2 =
6
L2
, (7.1)
corresponding to fields that have a symmetry under a shift by an (A)dS Killing vector (this is a
k = 0 shift symmetry in the classification of Ref. [21]). The interactions are governed either by
the abelian symmetry algebra of the free theory or by the non-abelian algebra so(5)⊕ so(5). The
theories with the non-abelian shift symmetry include the spin-1 theories that arise in the (A)dS
decoupling limit of massive gravity [22].
Nonlinear massive spin-1 theories have been of interest recently [52–65]. These theories are
typically constructed to be ghost-free, so that they propagate nonlinearly only the expected three
degrees of freedom of a massive spin-1 particle. In the massless decoupling limit, they reduce
to galileons or generalizations thereof, which can possess enhanced shift symmetries. However,
these decoupling limit shift symmetries are generally not present in the full theory away from the
decoupling limit. Here we have found (A)dS spin-1 theories that truly have a galileon-like shift
symmetry away from any such limits.
We discussed how these theories are constructed from invariant building blocks using the decou-
pling limit of massive gravity in (A)dS space. It should also be possible, though more complicated,
to construct these building blocks in a more direct way from the coset construction for the symme-
try breaking pattern, as was done for the galileons in Ref. [11]. This would allow one to search for
possible Wess–Zumino terms which are not constructed from the invariant building blocks. These
terms, if they exist, would be missed by our construction.
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Interacting theories of scalars in (A)dS space with k ≤ 2 shift symmetries were studied in Ref. [21],
which are generalizations of the galileon and special galileon to (A)dS space. Here we have shown
that there also exist interacting vector theories with a non-abelian k = 0 shift symmetry. To
further explore the space of interacting (A)dS field theories with shift symmetries, it would be
nice to have a classification of non-abelian algebras containing the (A)dS isometry algebra as a
sub-algebra and to find interactions invariant under the corresponding symmetry transformations.
Some example algebras are the finite higher-spin algebras found in Ref. [66]. For example, by
truncating the generators of one of their algebras to the even-spin Killing tensors, one obtains an
algebra with generators parametrized by ambient space tensors that have the symmetries of the
following traceless Young diagrams: {
,
T}
. (7.2)
This algebra is so (14) in (A)dS4
6 and it has the correct generators to be the nonlinearly realized
global symmetry of a vector theory in (A)dS space with a non-abelian k = 2 shift symmetry, which
corresponds to a vector with mass squared m2 = 20/L2. Similarly, the flat space contraction of this
algebra could govern a scalar-vector theory in flat space with a large global symmetry. It would be
interesting to search for these theories.
We have considered k = 0 vector symmetries, but scalar-vector theories with abelian shift sym-
metries with higher values of k will also arise from the decoupling limits of massive higher-spin
theories, as discussed in Ref. [67]. For example, the massive spin-3 scalar-vector decoupling limit
interactions of Ref. [67] have a non-trivial abelian k = 1 vector shift symmetry. This should gen-
eralize to arbitrary k using the decoupling limits of massive higher-spins that interact via special
potentials that generalize the pseudo-linear interactions [67–69]. In Appendix C we write down
these scalar-vector interactions explicitly for all even values of k.
At the quantum level, the galileons and other shift-symmetric theories have terms which satisfy
non-renormalization theorems [8, 70–72]. It would be interesting to study quantum corrections
on (A)dS space for theories with shift symmetries to see how the symmetries constrain quantum
corrections. Some work in this direction for the shift-symmetric scalars can be found in Ref. [73]
and the de Sitter quantization of the shift-symmetric vectors has been studied in Ref. [74]. Another
direction to explore is whether gauging the new global symmetries we have found can help to recover
massive gravity from its flat space decoupling limit [75].
Finally, as mentioned in the introduction, there is a close connection between shift symmetries
of massless particles in flat space and soft limits of scattering amplitudes. Consider an amplitude
A where the ith particle, ψ, has spin si and momentum pi. Then taking the soft limit of particle i,
we have
lim
pi→0
A = O
(
p
σψ+si
i
)
, (7.3)
6In AdSD it is so
(
1
2
D(D + 3)
)
. We thank Euihun Joung and Karapet Mkrtchyan for pointing this out.
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where σψ is an integer whose definition agrees in four dimensions with the holomorphic soft weight
of Ref. [76]. For the flat space scalar-vector theories we have discussed, the naive expectation—
based on the form of their symmetry transformations—is that their amplitudes should have σφ = 2
and σA = 1. However, by explicit calculation we find that at five points and above this is generically
not the case. Thus we expect that the Ward identity corresponding to the non-linear symmetry
(6.3) does not always lead to a simple vanishing in the soft limit, but rather a soft theorem relating
soft limits and other amplitudes. An example that does have the expected vanishing soft behavior
at six points, and hence should be constructible by soft recursion [13, 14, 76], is the theory with
the abelian shift symmetry and no cubic interaction.
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A Vector symmetry from projection
In this appendix we derive the form of the Stu¨ckelberg diffeomorphism symmetry acting on the
massive vector in (A)dS space, using the notation of Appendix C of Ref. [22]. Briefly, we consider
embedding (A)dS space in a Minkowski space of one higher dimension which has flat coordinates
ZA. The embedding is defined via the coordinates XA = (Y, xµ). The Y coordinate labels the
radius of the (A)dS hyperboloid, which defines a foliation of the 5-dimensional Minkowksi space
by (A)dS slices. The particular (A)dS slice we are interested in sits at Y = 0 and has radius L or
H−1, depending on the signature.
Before projecting to the (A)dS surface, the Stu¨ckelberg action of massive gravity in flat ambient
space has the diffeomorphism gauge symmetry
δhAB = ∂AξB + ∂BξA + LξhAB, (A.1)
δVA = −ξA + ξC∂CVA. (A.2)
Here ξA(Z) is an ambient diffeomorphism parameter, which should preserve the (A)dS surface, so
it must satisfy
ZAξ
A
∣∣
Y=0
= 0. (A.3)
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Projecting to the (A)dS surface gives
δhµν = (∇AξB +∇BξA + LξhAB) ∂Z
A
∂xµ
∂ZB
∂xν
∣∣∣∣
Y=0
(A.4)
= (∇MξN +∇NξM + LξhMN ) ∂X
M
∂xµ
∂XN
∂xν
∣∣∣∣
Y=0
, (A.5)
δAµ = (−ξA + ξC∇CVA) ∂Z
A
∂xµ
∣∣∣∣
Y=0
(A.6)
= (−ξM + ξP∇PVM ) ∂X
M
∂xµ
∣∣∣∣
Y=0
(A.7)
= −ξµ + ξρ∇ρAµ + 1
L
ξµV
Y , (A.8)
where
V Y = L
(
1−
√
1 +
1
L2
A2
)
when Y = 0 , (A.9)
which leads to the symmetry given in (5.11),
δAµ = −ξµ + ξρ∇ρAµ + ξµ
(
1−
√
1 +
1
L2
A2
)
. (A.10)
B Massive gravity decoupling limit interactions from symmetry
In this appendix, we show how the scalar-vector interactions in the flat space decoupling limit of
dRGT massive gravity are fixed in terms of a finite number of seed interactions by demanding
invariance under the Lorentz-like symmetry (6.3).
Consider splitting a transformation of the form (6.3) as
δAµ = δ
(0)Aµ + δ
(1)Aµ = mµνx
ν + 2αmµν∂
νφ, (B.1)
where α is a free dimensionful parameter. The field strength transforms as
δ(0)Fµν = −2mµν , δ(1)Fµν = 4αmλ[µΠν]λ , (B.2)
where Πµν ≡ ∂µ∂νφ. We want to find invariant interactions Ln, which we can expand as
Ln = L(n)n + L(n+1)n + L(n+2)n + · · · , (B.3)
where n = 2, 3, . . . and the superscript denotes the order in fields. In order for this to be invariant
we require that the following conditions are satisfied:
δ(0)L(n)n = 0, (B.4)
δ(0)L(k+1)n + δ(1)L(k)n = 0, k = n, n+ 1, . . . . (B.5)
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We restrict our attention to the scalar-vector interactions that have the fewest derivatives per field,
since these are the interactions that appear in the decoupling limit of dRGT massive gravity. We
expect these to correspond to the most general invariant ghost-free interactions involving a single
scalar and vector.
Solving the initial constraint (B.4) is straightforward; the solution is given by
L(n)n = cnαn−2ηµ1ν1...µnνnFµ1µ2Fν1ν2Πµ3ν3 · · ·Πµnνn , (B.6)
where
ηµ1ν1···µnνn = − 1
(m− n)!
µ1···µnαn+1···αmν1···νnαn+1···αm (B.7)
is the generalized Kronecker delta and cn is a dimensionless constant. These are just the interactions
discussed in Section 6.3. When we try to find L(k+1)n in terms of L(k)n using (B.5), there is an
ambiguity since we can always add the abelian solution L(k+1)k+1 to L(k+1)n with a free parameter. To
uniquely determine the whole tower of interactions in terms of an initial seed we thus need to give a
prescription for removing this ambiguity, i.e., for fixing the homogeneous term. One choice—which
seems to minimize the number of terms—is that we choose L(k)n with k > n to not contain the term
[F 2][Π]k−2, where (F 2)µ1µ2 ≡ Fµ1λFµ2λ and [·] denotes the trace. This can always be achieved
by adding a suitable multiple of the abelian term and results in no loss of generality of the total
Lagrangian
∑
n Ln. For example, for n = 2 with c2 = −1/4 this gives
L(2)2 = −
1
2
[F 2], (B.8)
L(3)2 = α(F 2)µ1µ2Πµ1µ2 , (B.9)
L(4)2 = −α2(F 2)µ1µ2Π2µ1µ2 − α2Fµ1µ2F ν1ν2Πµ1ν1Πµ2ν2 , (B.10)
L(5)2 = α3(F 2)µ1µ2Π3µ1µ2 + 3α3Fµ1µ2F ν1ν2Π2µ1ν1Πµ2ν2 , (B.11)
L(6)2 = −α4(F 2)µ1µ2Π4µ1µ2 − 4α4Fµ1µ2F ν1ν2Π3µ1ν1Πµ2ν2 − 3α4Fµ1µ2F ν1ν2Π2µ1ν1Π2µ2ν2 , (B.12)
L(7)2 = α5(F 2)µ1µ2Π5µ1µ2 + 5α5Fµ1µ2F ν1ν2Π4µ1ν1Πµ2ν2 + 10α5Fµ1µ2F ν1ν2Π3µ1ν1Π2µ2ν2 , (B.13)
...
where powers of Π are defined in the obvious way: Πnµν ≡ Πµλ1Πλ1λ2 · · ·Πλnν .
It is natural to search for a more elegant approach to solving Eq. (B.5) as opposed to brute
force solving with a general ansatz. Looking at the transformation of the field strength (B.2), we
might guess that we can write L(k+1)n in terms of a variation of L(k)n . It turns out that the following
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relation gives a solution:7
L(k+1)n = αFλ[µΠν]λ
δL(k)n
δFµν
. (B.15)
The higher-order terms generated by (B.15) do not contain the trace [F 2], so this fixes the abelian
term ambiguity in the same way as the prescription mentioned above.
Using Eq. (B.15) recursively, we can build up Ln order-by-order in terms of the initial seed L(n)n .
We can thus formally write a closed-form solution as
Ln = 1
1− αDL
(n)
n ≡
∞∑
i=0
αiDiL(n)n , where D ≡ Fλ[µΠν]λ
δ
δFµν
. (B.16)
We can be a bit more explicit and write this as
Ln =
∞∑
i=0
i∑
j=0
cnα
n+i−2
(
i
j
)
S(i−j+1)µ1µ2 S
(j+1)
ν1ν2 η
µ1ν1...µnνnΠµ3ν3 · · ·Πµnνn , (B.17)
where we have defined
S(n+1)µ1ν1 ≡ DnFµ1ν1 = Fλ[µnΠλνn]δνn [µn−1Πµnνn−1]δνn−1 [µn−2Πµn−1νn−2] · · · δν2 [µ1Πµ2ν1] . (B.18)
In D dimensions we can thus write the general invariant interaction as
L =
D∑
n=2
Ln =
D∑
n=2
∞∑
i=0
i∑
j=0
cnα
n+i−2
(
i
j
)
S(i−j+1)µ1µ2 S
(j+1)
ν1ν2 η
µ1ν1...µnνnΠµ3ν3 · · ·Πµnνn . (B.19)
The full scalar-vector decoupling limit interactions of massive gravity were first derived in
Refs. [39, 40]. In four dimensions with the scalar kinetic term normalized as −6(∂φ)2, they are
invariant under the symmetry (B.1) with
α = − 1
Λ33
. (B.20)
Using the relation (B.15) to generate the higher-order terms, these decoupling limit interactions
are generated by the following seeds:
L(2)2 = −
1
2
Fµ1µ2F
µ1µ2 , (B.21)
L(3)3 =
3α3 + 1
2Λ33
µ1µ2µ3λν1ν2ν3λFµ1µ2Fν1ν2Πµ3ν3 , (B.22)
L(4)4 =
12α4 + 3α3
2Λ63
µ1µ2µ3µ4ν1ν2ν3ν4Fµ1µ2Fν1ν2Πµ3ν3Πµ4ν4 . (B.23)
7Plugging this into Eq. (B.5), we find that it is satisfied only if
mν1ν2
δ2L(k)n
δFν1ν2δFµ1µ2
Fλ[µ1Πµ2]
λ =
δL(k)n
δFµ1µ2
mλ[µ1Πµ2]
λ . (B.14)
This does not hold for general interactions L(k)n , but we can check that it is true for those of the form
Fµ1µ2Fν1ν2T
µ1µ2ν1ν2(η,Π), where Tµ1µ2ν1ν2 is any tensor built from ηµν ’s and Πµν ’s. The abelian interactions
are of this form and, if L(k)n is of this form, (B.15) ensures that L(k+1)n is as well.
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Or, equivalently, the interactions are given by Eq. (B.19) with D = 4, α given by Eq. (B.20), and
c2 = −1
4
, c3 =
1
2
(3α3 + 1) , c4 = −3
2
(4α4 + α3) . (B.24)
C Higher-k abelian shift symmetries
The existence of special potentials for massive higher-spin fields [67–69] suggests that there should
exist scalar-vector interactions with nontrivial higher-k abelian shift symmetries, which would ap-
pear in the decoupling limit. These interactions would have the following abelian vector symmetry:
δAµ = mµν1, ν2···νk+1x
ν1 · · ·xνk+1 , (C.1)
where mµν1, ν2···νk+1 is a mixed symmetry constant tensor that is antisymmetric in its first two
indices and completely traceless.
We can look directly for interactions possessing these symmetries, using the expected form of
the higher-spin interactions to determine how many derivatives should appear. This leads to the
following n-point interactions with an order-k vector shift symmetry and a (trivial) order-(k + 1)
scalar shift symmetry, for every n ≥ 3 and even k ≥ 0:
Lk,n(A, φ) =
 k+22∏
i=1
ηµ
(i)
1 ν
(i)
1 ···µ(i)n ν(i)n
 k+22∏
j=2
η
µ
(j)
2 ν
(j)
2
 ∂
µ
(2)
1
· · · ∂
µ
(k/2+1)
1
F
µ
(1)
1 µ
(1)
2
∂
ν
(2)
1
· · · ∂
ν
(k/2+1)
1
F
ν
(1)
1 ν
(1)
2
×
n∏
l=3
∂
µ
(1)
l
∂
ν
(1)
l
· · · ∂
µ
(k/2+1)
l
∂
ν
(k/2+1)
l
φ . (C.2)
These should correspond to part of the decoupling limit of an interacting massive spin-(k+2) particle
with interactions chosen to maximally improve the high-energy growth of scattering amplitudes.
For odd spins the corresponding scalar-vector interactions exist only for even n and are not uniquely
fixed by the symmetry, so we do not consider them here.
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